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Abstract. We calculate, for certain higher-dimensional local fields F, the third homology of 
SL2CF) with coefficients in Z[i]. The answer is expressed as a direct sum of abelian groups, the 
first being the indecomposable ^3 of F and all the others being pre-Bloch groups of intermediate 
residue fields. 



1. Introduction 



The study of the homology of special linear groups divides naturally into the stable and unsta- 
ble cases. For a field F and for given «eN when m is sufficiently large (see Ifl9l l9l) the groups 
H„(SL m (F),Z) stabilize. These stable homology groups embed as natural direct summands in 
the corresponding homology of the general linear group H„(GL OT (F), Z) and their calculation is 
therefore closely tied to the calculation of the homology of the general linear group and to al- 
gebraic ^-theory. When m is small, by contrast, it usually happens that neither the stabilization 
maps nor the map to the homology of the general linear group is injective and the kernels of 
these maps are interesting invariants of the field. 

The structure of H 2 (SL m (F),Z) is well-understood, thanks to the Theorem of Matsumoto- 
Moore (EH US) and the results of A. Suslin (El): Stability begins at m = 3 and H 2 (SL m (F), Z) s 
K 2 (F) = Kf(F) for all m > 3. The map H 2 (SL 2 ( J F),Z) -> H 2 (SL 3 (F),Z) is surjective and the 
kernel is naturally I 3 (F), the third power of the fundamental ideal of the Witt ring of the field 
F. 

For the groups H 3 (SL m (F), Z), stability also begins at m = 3 and H 3 (SL m (F), Z) = K 3 (F)/{-l} ■ 
K 2 (F) for all m > 3 (0H d). The map H 3 (SL 2 (F),Z) -> H 3 (SL 3 (F),Z) has cokernel iso- 
morphic to 2K^(F) and image isomorphic - up to 2-torsion - to K™ d (F) (L8J). The group 
H 3 (SL 2 (i 7 ),Z) has been much studied because of its connections with ^-theory, the dilogarithm 
function, hyperbolic geometry and other topics ([miSimEQiSElIIl]]). However, its structure 
for general fields is far from being understood. For instance the structure of H 3 (SL 2 (Q),Z) is 
not yet known (but see 0). 

For any field F there is a natural surjective homomorphism 
(1) H 3 (SL 2 (F),Z)^-^ d (F) 

from the third homology of SL 2 (F) to the indecomposable K 3 of the field (see (8) for infinite 
fields and [6l for finite fields). This map is an isomorphism when F is algebraically, or even 
quadratically, closed ( lf!6l[T2ll ). 

In fact the map ([!]) is naturally a map of R^-modules where R/r is the group ring Z[F X /(F X ) 2 ]. 
The action of R F on ^ nd (F) is trivial, while the square class (a) of the element a e F x acts 

' a 
1 



on the left via conjugation by the matrix 



(or more generally by any 2x2 matrix with 
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determinant a). It turns out - see [H[T2) - that essentially (i.e. up to some possible 2-torsion) the 
only obstruction to the injectivity of the map ([T]) is the nontriviality or otherwise of the action 
of R F on H 3 (SL 2 (F),Z); i.e. there is an induced isomorphism 

H 3 (SL 2 (F),Z[i]) F x =^ d (F)[^]- 

Equivalently we have 

Ker(H 3 (SL 2 (F),Z[i]) -» ^ d (F)[i]) = i>H 3 (SL 2 (F), Z[i]) 
where I F is the augmentation ideal in R F . 

Now for a field F, K™\F) is closely related to S(F), the Block group of F (0, JH). This 
is a natural subgroup of the pre-Bloch group P(F) (to use the terminology of EH), which is 
described by a presentation where the relations are derived from the 5-term functional equation 
of dilogarithm function. 

In H we introduced an R F -module 'RS(F) which is closely related to H 3 (SL 2 (i 7 ),Z) - for 



details see section 2.3 below - and which can be explicitly calculated in some interesting cases 



([7]). ( RB{F) surjects naturally onto S(F) with kernel ( RB {F) and we have for any field F 
KBo(F)li\ = I P KB(F)li\ = i>H 3 (SL 2 (F),Z[i]). 

The main purpose of the present article is to use the techniques introduced in to calculate this 
group < RSq(F)[^] in the following situation: Let F = F„, F n -\, . . . , F be fields with the property 
that for each i e {1, . . . , n} there is a complete discrete value v, on F, and with residue field . 
In F is either quadratically closed, real closed or finite of characteristic at least 5, then Theorem 
4.23 below expresses < RS (F)[^] in terms of the pre-Bloch groups of the intermediate residue 



fields Fj. (In fact, the requirement on the discrete values in Theorem 4.23 below is significantly 
weaker than completeness, and char(F ) e {2, 3} is allowed under additional hypotheses.) For 
example, the Theorem implies (for p > 3 prime) 

H 3 (SL 2 (Q p (W)),Z[i]) = K™ d (Q p ((x)))[^] ®P(Q P )[i\ ®(P(^ P )[- 2 f 2 ) 
and likewise 

H3(SL 2 (R((x!))((x 2 ))),Z[i]) = ^ 3 nd (R((x 1 ))((x 2 )))[^] e »!)))[|] e(W)[^] 02 ) 



2. Bloch Groups 

2.1. Preliminaries and Notation. For a field F, we let S F denote the multiplicative group, 
F X /(F X ) 2 , of nonzero square classes of the field. For x e F x , we will let (x) e S F denote the 
corresponding square class. Let R F denote the integral group ring Z[S F ] of the group S F . We 
will use the notation ((x)) for the basis elements, (x) - 1, of the augmentation ideal I F of R F . 

For any a 6 F x , we will let p" and p" denote respectively the elements 1 + (a) and 1 - (a) in 
R F . 

For any abelian group A we will let A[^] denote A <8>Z[|]. For an integer n, we will let n' denote 
the odd part of n. Thus if A is a finite abelian group of order n, then A[^] is a finite abelian group 
of order n' . 

We let e" and e" denote respectively the mutually orthogonal idempotents 

p* + _l + (a) ,_p"__l-(a) 
e + - 2 - 2 , e_.- 2 - 2 6R F L 2 J. 

(Of course, these operators depend only on the class of a in S F .) 

For an abelian group A and n 6 N, A[n] will denote the subgroup {a e A \ na = 0}. 
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2.2. The classical Bloch group. For a field F, with at least 4 elements, the pre-Bloch group, 
P(F), is the group generated by the elements [x], x £ F x \ {!}, subject to the relations 



R r 



M - M + 



y 
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-x~ v 
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1 


- X 


„x 
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-y~ l \ 


1 


-y_ 



Let Sl(F x ) denote the group 



x ^ y. 



< x <S> y + y <8> x\x, y e F x > 
and denote by x o y the image of x <8> y in S|(F X ). 
The map 

^ : P(F) -> S"(F X ), [x]h(1-i)oi 

is well-defined, and the 5/oc/z group ofF, £>(F) c f (i 7 ), is defined to be the kernel of A. 

The Bloch group is closely related to the indecomposable K3 of the field F: For any field F 
there is a natural exact sequence 

TorfOu^// F ) K™ d (F) S(F) 

where Tor^(p F ,p, F ) is the unique nontrivial extension of Tox^{p, F ,p F ) by Z/2. (See Suslin [fT8ll 
for infinite fields and [6] for finite fields.) 

2.3. The refined Bloch group and H 3 (SL 2 (F), Z). For any field F there is a natural surjective 
homomorphism 

(2) H 3 (SL 2 (F),Z)^^ d (F). 

When F is quadratically closed (i.e. when S F = 1) this map is an isomorphism. However, in 
general, the group extension 

1 -» SL 2 (F) -» GL 2 (F) -» F x -> 1 

induces an action - by conjugation - of F x on H.(SL 2 (F),Z) which factors through S F . It can 
be shown that the map ([2]) induces an isomorphism 

H 3 (SL 2 (F),Z[i]Xs, =K™\F)[±] 

(see [12]), but - as our calculations in and below show - the action of S F on H 3 (SL 2 (F),Z) 
is in general non-trivial. 

Thus H 3 (SL 2 (F),Z) is naturally an R F -module, and for general fields, in order to give a Bloch- 
type description of it, we must incorporate the R F -module structure at each stage of the process. 

The refined pre-Bloch group, 'RP(F), of a field F which has at least 4 elements, is the R F - 
module with generators [x], x e F x subject to the relations [1] = and 



= M - M + <*> 



1 



r-1 



l-y- 



+ (l-x) 



l-x 



x,y ± 1 



Of course, from the definition it follows immediately that P(F) = (f^(F)) 5f = H (5 f ,W(F)). 
Let A = (Ai, A 2 ) be the R F -module homomorphism 

KP(F) ^I 2 F ® S 2 Z (F X ) 

where A\ : KP{F) — » I\ is the map [x] h-> ((1 - jc)) ((*)), and A 2 is the composite 

A Q2, 



KPiF) 



P(F) 



Si(F x ). 
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It can be shown that A is well-defined. 

The refined Block group of the field F (with at least 4 elements) to be the R f -module 

<R!B(F) := Ker(A : <RP(F) -> l\ ® S|(F X )). 

For the fields with 2 and 3 elements the following somewhat ad hoc definitions allow us to 
include these fields in the statements of our results. 

P (F 2 ) = < RP(¥ 2 ) = < RS(F 2 ) = S(F 2 ) is simply an additive group of order 3 with distinguished 
generator, denoted C ¥l . 

^iP(¥j) is the cyclic R F3 -module generated by the symbol [-1] and subject to the one relation 

= 2- ([-1] + <-l> [-1]). 

The homomorphism 

A: W(F^ II =2-Z«-l» 
is the R Fa -homomorphism sending [-1] to ((-1)) = -2 

Then KS(F 3 ) = Ker(A) is the submodule of order 2 generated by [-1] + (-1) [-1]. 
Furthermore, we let P(F 3 ) = < RP(¥ 3 ) f x. This is a cyclic Z-module of order 4 with generator 
[-1]. Let A : P(F 3 ) -> S|(F*) be the map [-1] h-1o -1. Then S(F 3 ) := Ker(A) = ft0(F 3 ). 
We recall some results from [6J: The main result there is 

Theorem 2.1. Let F be any field. 

If F is infinite, there is a natural complex 

-> TorfOu F ,// f ) -> H 3 (SL 2 (F),Z) -> 7?£(F) -> 0. 

which is exact everywhere except possibly at the middle term. The middle homology is annihi- 
lated by 4. 

In particular, for any infinite field there is a natural short exact sequence 

-» TorZ(p F ,p F )[±] -> H 3 (SL 2 (F),Z[±]) -» <RS(F)[\] -» 0. 

Now for any field F, let 

H 3 (SL 2 (F),Z) := Ker(H 3 (SL 2 (F),Z) -» K^F)) 

and 

^So(F) := Ker(^S(F) -> S(F)) 
The following is Lemma 5.2 in J6]|. 
Lemma 2.2. Let F be an infinite field. Then 

(1) H 3 (SL 2 (F),Z[i]) = TO(F)[i] 

(2) H 3 (SL 2 (F),Z[i]) = J F H 3 (SL 2 (F),Z[i]) and KB (F)[±] = J F 7?S(F)[±]. 
(3) 

H 3 (SL 2 (F),Z[i]) = Ker(H 3 (SL 2 (F),Z[±])^H 3 (SL 3 (F),Z[±])) 
= Ker(H 3 (SL 2 (F),Z[i]) -» H 3 (GL 2 (F),Z[±])) 

Lemma 2.3. If the field F is quadratically closed, real-closed or finite then If'RS(F) = 0. 
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Proof. Since H 3 (SL 2 (i 7 ),Z) maps onto 'RS(F) as an R^-module, this follows from the fact that 
S F acts trivially on H 3 (SL 2 (F), Z) in each of these cases. 

For a quadratically closed field this is vacuously true. 

This result is proved by Parry and Sah in [ 15 1 for the field R, but their argument extends easily 
to any real-closed field. 

For finite fields, the relevant result is Lemma 3.8 of [6]|. □ 

Furthermore, the calculations in O, sections 5 and 7, show that 
Lemma 2.4. 

KStfy = s(F q ) 

and ifK c SL 2 (F 9 ) is a cyclic subgroup of order (g + 1)' then the composite map 

Z/(q + 1)' = H 3 (#,Z[i]) -> H 3 (SL 2 (F,),Z[±]) -> S(F„)[±] = POP,)^] 
M an isomorphism. 

2.4. The modules In (HI Sushn defines the elements {x} := [x] + [x _1 ] 6 !P(F) and shows 
that they satisfy 

{xy} = {x} + {y} and 2 {x} = for all x,y e F x . 
In particular, {x} = in ^(F)[±]. 

There are two natural liftings of these elements to 'R'P(F): given x e F x we define 

<Ai (*) := W + (-l>[^] 

and 



Z/(a + l)/2, q odd 
Z/(q + 1), q even 



^ \ 0, x = 1 



(If i 7 = F 2 , we interpret this as i/^, (1) = for i = 1,2. For F = F 3 , we have i/^ (-1) = ij/ 2 (-1) = 
[_!] + (_!) [_!].) 

We summarize here some of the basic facts about these elements of KP{F) (see 0) 
Lemma 2.5. For i = 1,2 we have 

(1) fa (xy) = (x) ij/i (y) + ifri (x)for all x,y e F x . 



(2) Aityi (x)) = -p; 1 «x» = «-x» • «x» 6 I\for all x e F* 



(3) ,! : ((//,(.v)) = ,l({.v}) = .vo(-.v) e S ? {F < )forallxeF x . 



Let denote the R F -submodule of TiPiF) generated by the set {(/^ (x) \ x e F x }. 
Lemma 2.6. Let F be afield. Then for i e {1, 2} 

and Ker(/lj ] (,•)) z's annihilated by 4. 

Let 

W^ 7 ) := VPiF)!^ and Sl(F x ) = S^(F X )/ <x o (-x)|x 6 F x ) . 
Then the R f -homomorphism 

A = (A u A 2 ) : -> — rr © S^(F X ), [x] h-> («x» «1 - x» , x o (1 - x)) 

P+ If 

is well-defined and we set 'RS(F) := Ker(A). 



6 



KEVIN HUTCHINSON 



Corollary 2.7. The natural map JUBiF) — > "R!B(F) is surjective with kernel annihilated by 4. In 
particular, 

KB(F)[\] = KS(F)[±]. 

2.5. The module D F . In flU, Suslin shows that the elements [x] + [1 - x] e 8(F) c 9(F) are 
independent of x and that the resulting constant, C F has order dividing 6. Furthermore Suslin 
shows that C R has exact order 6. 

In it is shown that the elements 

C(x) = [x] + <-l> [1 - jc] + «1 - x» ^ (x) 6 
are constant (for a field with at least 4 elements) and have order dividing 6. 

When F has at least 4 elements, we denote this constant C F and we set D F = 2CV. Of course, 
Cf maps to CV under the natural map KP(F) — » ^(F). 

Furthermore, we let C Fz denote the distinguished generator of < R8(¥ 2 ) of order 3 and we set 
C F3 :=iM0 -1) = (1 + <-l»[-U. 

In it is shown that the element D F has the following homological interpretation: 
Let t denote the matrix of order 3 

~j q eSL 2 (Z). 

It can be shown that H 3 (SL 2 (Z), Z) is cyclic of order 12 and that the inclusion G := (t) — » SL 2 (Z) 
induces an isomorphism H 3 (G,Z) = H 3 (SL 2 (Z),Z)[3]. 

For fields F with at least 4 elements the natural map Z/3 = H 3 (G,Z) = H 3 (SL 2 (Z),Z)[3] ^ 
< RS(F)[3] sends the generator of this cyclic group to 4C F = -D F . (While for the field F = F 2 
we define the map H 3 (SL 2 (F 2 ),Z) 7?S(F 2 ) = S(F 2 ) by requiring that this be the case.) 

Proposition 2.8. For afield F we have D F = if and only if the equation X 2 — X + 1 = is 
solvable in F. 

Proof. If x 6 F satisfies x 2 - x + 1 =0, then 1 - x = x~ l and the argument of [7 J Corollary 3.9 
shows that C F = (-1) which has order dividing 2. 

Now if char(7 7 ) = 3 then -1 is a root of X 2 - X + 1 and hence D F = 0. 

So we may assume that char(F) ^ 3. Thus X 2 - X + 1 has a root in F if and only if F 
contains a primitive cube root of unity, £ 3 . Let k be the prime sub field of F. If k = Q, then 
2C* = 2C Q 6 S(Q) has order 3 (since Q embeds in R). On the other hand, if k = ¥ p then 2Q 
has order 3 if and only if p = -1 (mod 3) by [6] Lemma 7.11. Thus, in all cases, 2Q = in 
S(it) if and only if ^ 3 £ k. 

Of course, Q i-» C F under the map !B(k) — » S(F). But, by Suslin's Theorem ( |[T8l Theorem 
5.2) we have a commutative diagram with exact rows 

Torfo^) K™ d (k) 8(k) 



Tor^{p F ,p F ) K* d (F) S(F) 

where the middle vertical arrow is injective ([III, Corollary 4.6). If 2C* ^ 0, then it lies in the 
kernel of S(k) 8(F) only if 3\/u F . Thus 2C F = only if ( 3 eF. □ 



We recall also the following ([7] Theorem 3.13): 
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Theorem 2.9. Let F be afield. Then 

(1) For all x e F x , «jc» D F = fa (x) - fa (x). 

(2) Let E = F(£). 77ien «jc» D F = 0ifxe ±N E/F (E X ) c F x . 

We let Dp denote the cyclic R f -submodule of < R!B(F) generated by D F . Of course, since 
3D F = always, in fact D F is a module over the group ring F 3 [«S F ]. 



By Theorem |2.9| (2), we have {x)D F = D F if x e N F := ±N F{(3)/F (F(£ 3 ) X ). LetSp = F X /N F . 
Thus the action of S F on D F factors through the quotient S F , and hence D F is a cyclic module 
over the ring R F := F 3 [«S f ]. 



Remark 2.10. The results of section [4] below (see Corollary 4.22) show that if F is a higher 



dimensional local field, satisfying certain conditions, then Dp is a free of rank one over R F . 



In this case it follows that we have a converse to (2) of Theorem 2.9 ((x)) Dp = if and only 



x e N F . (And hence, over such fields, if/\ (x) = fa (x) if and only if x e N F .) 

Remark 2.11. Suppose that D F ± 0. Then char(F) ± 3 and 3 does not divide \[ip\. It fol- 
lows that the homomorphism H 3 (SL 2 (F),Z) — > 'RS(F) induces an isomorphism of R F -modules 
H 3 (SL 2 (F),Z)[3] = < RS(F)[3]. Under this isomorphism, Dp corresponds to the R f -submodule 
of H 3 (SL 2 (F), Z) generated by the image of H 3 (SL 2 (Z), Z)[3]. 

2.6. Reduced Bloch Groups. We introduce some quotient groups of (pre-)Bloch groups which 
will be required in our computations below. 

First recall that 

— <RP(F) — ~ ~ 

<RP{F) = ^ and <Rg(F) = Ker(A) c RP(F). 



Furthermore ( 2j\ the map ( RS{F) — » ( RS{F) is surjective with kernel annihilated by 4. Since 
D F is annihilated by 3, it follows that the composite 

Dp -> <RB(F) -> <RS(F) 

is injective and we will identify D F with its image in < RS(F). 

We will let D° F denote the submodule I F D F of D F . (So D F /D° F = Z • Dp has order 3 if 
char(F) ± 3 and £ 3 <£ F, and is zero otherwise.) 

We further define 

<RP(F):-- W) nnF) 



and 



D° F Kf+D F 

(Dtn/"f?\ W(F) <mF) — KS(F) 

KP(F) := — — — = — — and kS(F) := 



Vf <K f [) + D f ~ " £> 

Corollary |2.7| implies : 

Lemma 2.12. For any field F there is a short exact sequence 

^ D F ^ ft£(F)[i] -> -> 0. 



Observe also that c +D F by Theorem 2.9 (2). It follows that for i = 1,2 and all x we 
have fa (x) = in #(f) and 

Lemma 2.13. Lef F Z?e afield. 
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(1) For all x, fx" 1 ] = - (-1) [x] = - (x) [x] in ( RP(F). 

(2) For all x, «y» [x] = in f#) whenever y e (-x). 

(3) For all x, [1 - x] = (-1) [x] = [x~ l ] in <RP{F). 

Proof. (1) The first equality follows from if/i (x) = 0, the second from i/^ 2 (x) = 0. 

(2) From <jc) [x] = (-1) [x] it follows that (y) [x] = (-x) [x] = [x]. 

(3) Since C F = -D F (mod TC^) (0, Lemma 4.1) it follows that C F = in ^(F), and 
thus we have (from the definition of C F ) that = [x] + (-1) [1 - x] in < R e P(F). 

□ 



3. Valuations 

Given a field F with a valuation v : F x — » Y and corresponding residue field k, we let £/ = £/f 
denote the corresponding group of units and U\ = U\(F) the units mapping to 1 in k x . Given 
any R^-module M, we define the induced R^-module 

M F :=R F ® Z[U] M. 

Observe that when U\ = U\ then there is a natural (split) short exact sequence of groups 

1 -> S k -* Sf -> r/2 -> 
and Rjt c R f , so that M f = R f ® Rt . A/ in this case. 

We recall from [0 (Theorem 4.4) that there is a natural surjective specialization homomor- 
phism 

S := S v : KP{F) -> 7^(£) f 

1 ® [a] , v(a) = 



[a] i-» 



1 <8) C*. v(a) > 
-(1 <8> Cj), v(a) < 



We will also let S v denote the induced (surjective) specialization homomorphism on fully re- 
duced pre-Bloch groups 



S v : <RP{F) -> nP(k) F , [a]i-» 



1 <8) [a] , v(a) = 
0, v(a) * 



Given a triple (F, v, fc), we let X, denote the R/r-submodule of KP{F) generated by {[a] | v(a) t 
0}. 

Lemma 3.1. There is a short exact sequence ofR F -modules 

^ £ v ^ <RP(F) W(k) F ^ 

Proof. Clearly X,> c Ker(5 v ) and hence S v induces a surjective homomorphism 

By definition, if a e F x with v(a) * 0, then [a] = in <RP(F) V . Thus if w 6 U u then 
[ M ] = - (-1) [1 - u] = in W(F) V since v(l - u) > 0. 
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Now suppose that a eU \ U\ and u e U\ . Then 

/ , - 1 — a 
= [a] - [au] + (a) [u] - {a - 1) 



1 - au 



+ (l-a) 



1 - a 
1 - au 



= [a] - [au] in KP(F) X 



since 1 - a = 1 - au (mod t/i). Thus for a e U the element [a] in ( R e P{F) v depends only on 
image, a, of a in & x . 

Furthermore, the action of Z[£/] on 'FPjFX desc ends to an R^-module structure: Let a e U 
and u e U\. Then <-a) [a] = [a] by Lemma 2.13 However, [a] = [au] in 'RP(F) V . Thus, we 
also have (-au) [a] = [a] in 'RP(F) V , from which it follows that 

(u) [a] = (-a) [a] = [a] in W(F) V . 
It therefore follows that there is a well-defined R^-module homomorphism 

T v : KP(k) W(F) V , [a] ^ [a] 
which extends to an R F -module homomorphism 

T V<F : W(k) F W), 

Since T v j is surjective by the work above, and since clearly S v o T %F = ld^p {k)f , it follows that 
S v : KP{F) V — > KP{k) F is an isomorphism with inverse T VvF . □ 

Recall that for any field there is a natural homomorphism of R/7-modules 



A l = \ F : nr{F) -> M(F) := 



Corollary 3.2. Suppose that U \ = U\. Then the homomorphism S v : 'R'P(F) — > < RP(k) F induces 
a short exact sequence 

-> X v [|] -> Ker(A 1 ^)[i] -> Ker(^ u )[i] F -> 0. 



Proof. For any field F we have 

M(F)[\] = 



If[\] 



I 2 [-] 



since I F /I F = S F is 2-torsion. Thus, since e_ ! e Jf[^] c Rf[|], there is an isomorphism of 



Rf[^] -modules 
It follows that 



M(F)[\] = e~_ l R F [i], x ^ e: 1 ^ 



= R F [i] «. Rt[1] e: ! R,[i] = e^R^] = M(F)[|]. 



and the resulting isomorphism s v : = M(k)[^] F is given by * h-> x ® e 

It remains to verify that the diagram 
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commutes: Let [a] e <RP(F). If a G U \ U\ then 

s v (M[a\)) = s v («a» «1 - fl») = ((a)) «1 - a» ® e: 1 = 1 ® el 1 «1 - a» = li(5 v ([a]). 

To finish, we must show that if a £ U \ U\ then A\j ([a]) = 0. If a e U\, then a is a square, by 
hypothesis, and thus /ti([a]) = 0. Similarly, if v(a) > then 1 - a is a square and /Li([a]) = 
again. Finally, if v(a) < then \ - a = -a (mod U\) and thus 1 - a = -a (mod F x ) and hence 

= ««» «1 - a)) = ((a)) ((-a)) = -p; 1 ((a)) = 2e; ! ((a)) = in M(F)[i]. 

□ 



4. Main Theorem 

4.1. Some preliminaries. For a character^- e 5f = Hom(<Sf ,/i 2 ), let F be the ideal of R F 
generated by the elements {(a) - x( a ) I ( a ) e Sf}- In other words F is the kernel of the ring 
homomorphism p(x) : Rf — » Z sending (a) to^-(a) for any a e F x . 
If M is an R F -module, we let M x = FM and we let 

M x := M/M x = (R F /F) ® Rf M = (R F \ ® Rf M. 

In particular, if^ = 1 then F = I F and M x = M$ F . 
Given (a) 6 iS F and^ 6 S F , let 6 R F [^] denote the idempotent 

1 +x(a)(a) _( e%, +x(a) = 1 



2 \ e a _, ±x(a) = -1 

so that (a) e± = +x{a)& a ±x for all a. Of course, we have 

e; + e^ = lande£-e^ = 

for all a,x- 

More generally, for any finite subset S of S F and any^ 6 S F , let 



e s 
e ±x 



<a)€S <a>eS 

Lemma 4.1. For any character x and finite S c »Sf, 1 - e£ e c R^[|]. 

Proof. This follows from pOkf)(ep = 1 for any a e F x . □ 

Corollary 4.2. For any^ 6 S F and R F [^]-module M, we have 

M x = {me M\ e^m = 0/or some finite S c S F ). 

Proof. Let m 6 M x . Then there exist a,\, . . .a r e F x such that 



m 

i=i 

from which it follows that e s m = where S = {(a{) , . . . , (a r )}. 



x 
,s 

"X 



Conversely, suppose that e£m = for some finite set S . Then 



m = (\ - e ) ■ me M x 



by Lemma 4. 1 



□ 



Corollary 4.3. Fhe functor M i-» Af, ?5 an exact functor on the category ofR F [^]-modules. 
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Proof. Since this is the functor (R F V ® Rf (-) it is right-exact. On the other hand, if N is an 
R f [i]-submodule of M then Corollary 4.2 implies immediately that N x = M x n N, from which 
left-exactness follows. □ 

Note that, in practice, we may assume, when required, that S is a subgroup of Sf'- 



Lemma 4.4. Let S c Sp be a finite set and let x <= S F . Let T be the subgroup ofS F generated 
e 5 = e r 



by S. Then e s = q t . 



Proof. Let (b) e T. Then there exist {a\) , . . . , (a r ) e S with (b) = Yli( a i)- Now («,>e? = 
X(ads S x for each i. It follows that (b) e? = x(b)vl and hence that e? = Q b Q S . □ 

When Sp itself is finite, we let e x := e x F . 

Lemma 4.5. Suppose that \Sp\ < 00 and M is an R F [^]-module. For any character x the 
composite 



e x M^ M — M x 



is an isomorphism ofRF[\]-modules. 



Proof. Since 1 - e x e I x by 4.1 while e x F = 0, it follows that F = (1 - c x )Rf [^] and more 
generally that M x = (1 - Q X )M. 

Thus M = e x M 0(1- e x )M = e x M © AF as an R^J-module. □ 
For any^f e <Sf and a e F x , we will let [a] x denote the image of [a] in < R e P(F) x . 
Lemma 4.6. Let x e 5f- 77jen 2 [a] x = m ^(F)^ = -1- 

Proo/ By definition of AF, «-a) + \)x = for all x e <RP(F) X . On the other hand, ((-a) - 



1) [a] = in by Lemma 2.13 Thus = (1 + <-a» [a] + (1 - <-a» [aL = 2 [a] □ 



4.2. The theorem. Suppose that v : F x —* Y is a valuation with residue field k. Suppose further 
that U\ = U\. Then U/2 = S^ and with this identification S k is a subgroup of S F and there is a 
short exact sequence of Z/2-modules 

i — > Sk — > <Sf — > r/2 — > o. 

Let 7* : r/2 — » <Sf be a choice of splitting of this sequence. Then there is an induced isomor- 
phism 

S k xY/2^S~F, (xA)^XXj^ 

where 

(x xj • j(y)» :=*«"» -^(r)- 

The inverse map is given by 

Sp^SkXT/2, (p\s k ,P° j)- 

Recall that given a splitting j and a character </r 6 r/2 there is a ring homomorphism ^ : 
R f — » R,t sending (j(y) ■ u) to if/(y) (u), and an associated 'restriction' functor giving any R k - 
module M the structure of an R f -module via 

0'(y) ■u)m:= if/(y){u) ■ m 
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for any y e T, u e U v and m e M. We will denote this R F -module structure by M(j,i//). 
Furthermore, given any R F -module we let denote the R f -module R k <8> Rf M® obtained 
from the map pj^. We record the following observations for future use: 

Lemma 4.7. Suppose given a splitting j and if/ € T/2. 

(1) For any R k -module M we have (Mp)^ = M(j, if/) as R F -modules. 

(2) For any Rp -module M and for any x £ Sk we have 

*W = ( M (m) x - 

as R F -modules. 

Proof. (1) This is immediate from the definitions. 
(2) The diagram 



Pi,* 

R F >- R k 



pCrx#) 

commutes; i.e. pix Xj iff) = pix) Pj,<f>- 



p(x) 



□ 



Corollary 4.8. The specialization map S v : HP(F) — » l RP(k)p induces a surjective homomor- 
phism 

S (m : KP(F) iU) (ftP(k)p) Uif/) = KP(k)UA)- 
For any x 6 $k it induces a homomorphism 

■KP{F\^^KP{k\. 

Lemma 4.9. Let x <= S F . Suppose a e F x and [b] x = Ofor all b e (a) satisfying v(b) ± 0. Then 
[b] x = Ofor all b e (-a) satisfying v(b) ^ 0. 

Proof. Let b e {-a) with v(b) ^ 0. Since [fr -1 ] = - (-1) [b] in RPiF), we can suppose that 
v(b) < 0. But then 1 - b = -b(l - b~ l ) = -bw with w e U x . Since U x = U 2 v w e (F x ) 2 and 
I -be (-b) = (a). Since v(l - b) = v(b), it follows that [1 - b\ = in W{F\. Thus \b\ = 
since [b] = - (-1) [I - b] in <RP(F). □ 

Proposition 4.10. Suppose that F is a field with valuation v : F x — > T w/f/i residue field k 
satisfying 

(1) f/i = t/? 

(2) T /las a minimal positive element y 

(3) k is either perfect or of characteristic not equal 2. 

Suppose given a character if/ e T/2 satisfying iff(yo) = — 1. Then for any x <= <Sk and any 
splitting j : T/2 — » S F we have 

Proof. Let p : = xXjiff- We must prove that [a] p = in KPiF)^] whenever v{a) ^ 0. 



Now, if p((-a)) = 1, then [a] p = by Lemma 4.6 
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On the other hand, since 



[a" 1 



-(-I) [a], it is enough to prove that [a] p = whenever 



v(a) > 0. Thus we can suppose for the remainder of the proof that p((-a)) = 1 and v(a) > 0. 

Suppose that = -1- Thenp«-1» = -1 andp«a» = -1. Thus [b] p = for all £ e (-a) 
by Lemma 4.6 again. It follows that [b] p = for all b e (a) with v(b) ^ by Lemma 4.9 In 
particular, it follows that [a] p = as required. 

Thus we can assume that p«-l» =^-((-1)) = 1. 

Let 7 = v(a) > 0. Then a = p ■ u where (p) = j((y)) u 6 U. We consider two cases: 

Case (i) \J/(y) = 1 (and hence x(u) = 1 also). 

Let n 6 F x satisfy v(n) = yo and n £ j((yo))- 

Observe that for any x e F x , if p(+x) = 1 then p(±nx) = -1 and thus [±7rx] p = in 



KP(F)[\] by Lemma 



4.6 



In < RP{F)[\] p we have 







Si a 

K ' 7T 



1 




a~ 


n 


p 









+ [a] ± [ozL ± [zL 



where 



But 



1 - 



z :- 



n 



= 7 - To > 



since 7 £ y (because 1/^(7) = 1 while ^(70) = -1). Thus 



Xn2 



l--e(/ 1 c (F x ) 
n 



It follows that 



(z) 



1 - 



1 



7T 



(-n) 



and thus [z] p = = [1/tt] p by the remarks just above. Similarly (az) = (-an) and thus 
[az] p = = [a/n] p . 

It follows that [a] p = as required. 
Case (ii) 1/^(7) = -1. 

By the hypotheses of the the theorem, there exist r,seU satisfying u = r 2 - s 2 . Then 



In^(F)[i] we have 







S 1 11 

2 ' 2 



1 




u 


r 2 p 


p 


7 2 „ 



+ [a] p + [az] p + [zl 



where 



Since p(-p) = p(p) = -1 it follows, as Case (i), that 

1 



[z] p = [az]. 



r 2 p 



0. 
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Furthermore, 



= 

p 



by Lemma 4.6 since p((+u)) = -1. This completes the proof of the theorem. 

□ 

Combining this proposition with Lemma 3.1 and Corollary [48] above we immediately deduce: 
Corollary 4.11. Under the hypotheses of the theorem the map S xX i// induces an isomorphism 

for anyx G <S*. 

Remark 4.12. Observe that the isomorphism in this result is naturally an isomorphism of R F - 
modules. The right-hand term has an R F -module structure which depends on the the pair {if/, j). 
Namely 

(j((7)) ■ <«» • x := <A«y» («) • x for all x e KP(k)[\\. 



Corollary 4.13. Hypotheses as in Proposition \4.23\ Suppose furthermore that \S F \ < °°. Then 
S qjP) induces an isomorphism 

ef /2) ^(F)[±] = W{k)[\l 
Proof For any R f [^] -module M, we have = e^ r/2) M if Y/2 is finite. It follows from 



Corollary 4.1 1 that for any x e Sk, S(j,t/r) induces an isomorphism 



However, if Sk is finite, then any Rt[\] -module M decomposes canonically as 

M = e c -^My 

X^Sk X 

and if T : M — » N is any homomorphism of Rt[ ^-modules, then T is an isomorphism if and 
only if T x is for all x- n 

As a special case of this last corollary , we obtain: 

Corollary 4.14. Suppose that Y = Z and that \Sk\ < °o. Let n be any uniformizer. Then 

e^(f)[i] = KP(k)[\l 



Corollary 4.15. Hypotheses as in Proposition 4.23 Suppose further that Y = Z and that A e S F 



is any nontrivial character. Then S v induces a natural isomorphism 

W{F)[\\ = RP(k)[\\ k 

where 

h '■= A\s k . 

Furthermore, 

(1) If Ak ± 1 then there is an induced isomorphism 
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(2) If A/, = 1, we have 

W.F)\\\ = = ^P{k)[\] Ak = V(k)[\] 

(the last isomorphism being induced by the projection n : t R'P(k) — > < P(k)). 

Proof. Since A ^ 1 there is a uniformizer 7r such that A(n) = -1: Let a e F x with = -1. 

If v(a) is odd, then (a) is represented by some uniformizer n. If v(a) is even, then the class (a) is 
represented by a unit w. Let 7r' be any uniformizer. If A(n') = -1, then n' will serve. Otherwise 
A(n) = -1 where 7r = n'u. 

Let j : T/2 = Z/2 — » «S f be the associated splitting (sending 1 to (tt». Then 

A = (-l)x / >l* 



and the first statement follows from Corollary 4.1 1 



For the statements about 'RS(F): First note that, by Lemma 3.1 and Corollary |3.2[ the isomor- 
phism 

induces an isomorphism 

KcrCA lF )[\] A = Kera u )[i] v 

However, since A ± 1 we have 

KB(F)ii\ A = Kerdj^ti]^ 

because 

S 2 z(F\ = 0. 

Thus 

(1) If A k ± 1, then the same argument with F replaced by k gives 

= Kera i>lt )[i]^ 

(2) On the other hand, if Ak = 1 then 

Kera u )[i]^ = 9P(k)[^ h = nk)[\] 

since 

el 1 J>[*] = 



whenever p(-l) = 1. 
For any field F, recall that 

<RB (F) := Ker(^S(F) -> 

and similarly we define 

'RSo(F) := Ker(<RS(F) -» 8(F)) 



□ 



If F is a field with finitely many square classes, and if M is any R f [^]-module then there is a 
natural decomposition 



16 



KEVIN HUTCHINSON 



and, in particular, 



and 



**1 



Corollary 4.16. Let F be a field with a discrete value v and residue field k. Suppose that 
U\ = [/? and that either the characteristic of k is not 2 or k is perfect. Suppose further that 



< oo. Then 



ft£o(F)[i] = P(k)[\] ®(KBo(k)[\]f 



Proof. Let H := Ker(<S f — > <S^). *H contains two characters: the trivial character and the 
character defined by 8{{d)) = (-l) v(fl) . Thus if <// e S F then ifr k = (#i//)/t in S k . Suppose that 
\Sk\ = t and let ifj\, . . . ,ifr t ^ e S F such that Sk \ {1} = {i}ffj)k \ j = I, ■ . . ,t - I}. Thus 

S~ F = {l,^ u ...,ifr t _ 1 }U{e,6i(r u ...,eifr t _ 1 }. 

Then 



( t-i 



= <RS{F)[\\® 



V 7=1 



/ t-l 



V 7=1 



{ t-l 



V 7=1 



□ 



An argument by induction on n then gives the following version for n-dimensional local fields: 

Corollary 4.17. LetFo, F\, . . . , F n be fields with the following properties: For each ie{l,...,n) 
there is a discrete valuation v,- on F, whose residue field is Fj_i. Suppose furthermore that 

(1) U 1 (F i ) 2 = U 1 (F i )fari=l,...,n 

(2) Either char(F ) ^ 2 or F is perfect 

(3) \S Fo \ < oo. 

Then 

( n-\ \ 

B2" 



0W)[|]^ 0^S o (F o )[i] 



V i=0 



Corollary 4.18. Under the same hypotheses as Corollary \4.17\ suppose also that F Q is quadrat- 
ically closed or real or finite. Then 

n-l 



i=0 
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Proof. By Lemma 2.3 , < R!Bq{Fq) = in these cases. 
This last result can be easily lifted to a statement about < RS(F)[^] as follows: 

suppose that A e S F satisfies 



4.17 



Lemma 4.19. Under the same hypotheses as Corollary 
Xp M ± 1 but A Fj = 1 for some i e {0, . . . ,n - 1}. Suppose further that either char(F) = 3 or 
char(Fo) *3or'^eF. 

Then the map S = 7r,- o S Vi o 5 Vj+1 o • • • o 5 Vn induces an isomorphism 

^(F)[i] A = !P(F i )[i]. 



Proof. By Lemma 2.12 we have the following commutative diagram with exact rows: 



(Dp), 



2*A 







, / «S(F,) rl-| 

2)0 I 2)0 L 2J 



The right-hand vertical arrow is an isomorphism by Corollary 4.15 On the other hand, since 
A F = 1 we have 



L 2 J 



Now 



= ZD F . 



F, 

has order 1 or 3 according as D Fj = or not. But clearly (D F ) A has order dividing 3. Further- 
more, if D Fj = then £3 e F, and hence £3 e F so that D F = 0. It follows that the left-hand 
vertical arrow is also an isomorphism, proving the result. □ 

Lemma 4.20. Let F be a field with discrete valuation v and residue field k. Suppose that 

< 00. Then 



U\ = Uf, that char(fc) ^ 3 and that V-3 i k. Suppose that 



Proof. Let N k = {u e U \ u e N k }. Let n e F be a uniformizer. It is enough to show that 

N F = n 2Z ■ N k . 

Let u 6 N k . Thus +u = s 2 + 3? for some s,t e U. Thus +u = (s 2 + 3t 2 )w 2 = (sw) 2 + 3{tw) 2 for 
some we U\ = U\, and hence u e N F . 

It remains to show that n £ N F : Suppose that a,b e F x . Then v(a 2 + 3b 2 ) = v(l + 3c 2 ) (mod 2) 
where c = b/a. If v(c) ^ then v(l + 3c 2 ) = (mod 2). On the other hand if v(c) = then 
v(l + 3c 2 ) = since 1 + 3c 2 ^ in k by hypothesis. 

It follows that if x e N F then v(x) is even, and thus n N F in this case. □ 



Corollary 4.21. Under the same hypotheses as Corollary 4.17 suppose also that 



(1) K£o(F„)[±] = 0. 

(2) Either char(F) = 3 or char(F ) * 3 or & e F 
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Then 



n-l 



^So(F)[i] = 0W)[if 



i=0 

Proof. If Dp = - i.e., if char(F) = 3 or £ e F - then 7?£ (F) = ^8 (F) and the result follows 
from Corollary 4.17 Thus we can assume that char(F ) ^ 3 and £ 3 i F . In particular, D F . has 
order 3 for all L 

Let < H F := {A e Sf I if = 1). Thus |«H F | = 2 M . 

If /I 6 'Kf, then (Df)^ = V 3 D Fj where i = i(A) := maxjj > | A Fj = 1}, and this module has 
order 3 by the argument of Lemma |4.19| It follows that the submodule of D F 

is an F 3 -vector space of dimension 2". 

On the other hand, S F = 2 n by Lemma 4.20 and thus dim F3 (R/r) = 2". It follows that 
dim F3 (©F) < 2" (since this is a cyclic Rf-module). Therefore 



and hence 

whenever A Fo ^ 1. 
Thus 



<RS (F)[\] = <RS(F) = ^r(F i )[\f 



AeH F \{l] 



i=0 



as required. 

We note the following corollary of the proof: 



Corollary 4.22. IfF satisfies the conditions of 4.21 then T> F is free R F -module of rank one. 

Whenever \S F \ < oo we have 

H 3 (SL 2 (F),Z[i]) = ^ d (F)[i] ®<RS (F)[\l 

Thus we immediately deduce: 

Theorem 4.23. Let F ,Fi, . . . ,F n = F be fields with the following properties: For each i e 
{1, . . . , n] there is a discrete valuation v,- on Fj whose residue field is F,-_i. Suppose furthermore 
that 

(1) U l (F i ) 2 = U i (F i )fori=\,...,n 

(2) If char(Fo) = 2 then F is perfect 

(3) Either char(F) = 3 or char(F ) ^ 3 or £ 3 6 F 

(4) \S Fo \ < oo. 

(5) ^So(Fo)[^] = 0. 

(6) F x = <-l> ■ N Eo/Fo (E*) where E = F (^ 3 ). 
Then 



I n-l 



H 3 (SL 2 (F),Z[i]) = 4 nd (F)[i]e 



0TO)[|] a 



V ;=0 
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Remark 4.24. By|2.3[ conditions (4), (5) and (6) are satisfied if F is either quadratically closed, 



real closed or finite. 

Remark 4.25. If char(i 7 ) ^ 2, then the condition U\ = U\ will follow if v, is complete, but it 
is clearly a much weaker condition in general. 

Remark 4.26. Condition (1) of the theorem will usually not hold for complete discrete valued 
fields with residue field of characteristic 2. For example, it does not hold for the field Q 2 . 
However, as noted in 0, it would appear that the Theorem sometimes hold in such cases. For 
example, the author has confirmed that 

H 3 (SL 2 (Q 2 ),Z[i]) = ^ d (Q 2 )[|]ef(F 2 )[i]. 

The calculations required are, however, quite long and intricate. 

Remark 4.27. If (3) fails - i.e. if charge) = 3 ^ cha^i 7 ) and £ 3 £ F - then our arguments 
above about the eigenspaces of Dp are not complete: it could happen that D F ± even though 
D Fq = 0. Similarly, if (6) fails to be true then it may happen that (Dp) A = even when A £ 'Hp. 
In either of these cases the arguments above show that, if (1), (2), (4) and (5) hold then there is 
a natural surjection 

H 3 (SL 2 (F),Z[i]) » ^ d (F)[i] e P(F i )[lf 2 '" > ' 1) j 
with finite kernel annihilated by 3. 
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